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Abstract. Trans�nite surface interpolation is a natural representation
for curve network-based design, where a shape is determined by its fea-
ture curves. This paper contrasts the corner-based Gregory patches [5]
with the side-based generalized Coons patches [7] in this context. After a
brief introduction to trans�nite methods, the pros and cons of the above
two constructions are analyzed considering surface quality and compu-
tational e�ciency.

1 Introduction

Modeling complex 3D objects with free-form geometry is a challenging task.
Several competing approaches are known, including trimmed surface modeling,
modeling by quadrilaterals, subdivision surfaces and�last, but not least�curve

network-based design. In this paradigm, the input is a connected collection of
characteristic curves or feature curves, coming from a variety of media, including
hand-drawn sketches, a set of images, or spline curves built on existing mesh
data. The output is a smoothly connected collection of surfaces �lling the loops
of the network. This approach to modeling has attracted considerable attention
in recent years, due to novel 3D curve drawing methods [1,6].

The natural decomposition of free-form shapes into disjoint regions along
feature lines requires patches that are often not four-sided, take, for example,
various car body parts, household appliances, furnitures or other �stylish� ev-
eryday objects, where aesthetic appearance is particularly important. The tradi-
tional representation of trimmed biparametric surfaces may cause asymmetries
between those sides that are trimmed and those that are not. The central split
representation, connecting quadrilaterals whose sides match the respective half-
segments of the boundaries, causes di�culties due to its weakly de�ned internal
subdividing curves. Both of these representations can be adequate at the end of
the pipeline of standard CAD/CAM applications, but their drawbacks appear
when the model needs to be interactively modi�ed or redesigned.

The obvious strength of the curve network-based approach is that designers
do not need to think about intricate mathematical surface notions and various
arti�cial constraints, rather they can focus on the direct expression of the de-
sign. A good curvenet-based user interface is supposed to be very responsive to
editing operations, assuming the curves and their associated cross-derivatives
naturally de�ne a smoothly connected patchwork. This motivates our research
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into trans�nite surface representations [8], as they can directly interpolate gen-
eral topology curvenets, and adjust their shapes as the feature curves and other
boundary conditions are being edited. As an application example, Figure 1 shows
a model consisting of smoothly connected trans�nite surfaces that interpolate a
curve network drawn in 3D using special gestures [1].

Fig. 1: (a) curve network sketched in 3D, (b) collection of trans�nite surfaces

In a recent paper by Salvi et al. [7], the authors proposed two new trans�nite
surface representations, a multi-sided generalization of the Coons patch [3], and
a patch combining Coons patch-like interpolants called �composite ribbons�. We
will limit our investigation here to the generalized Coons or GC patch, and its
relation to the well-known Gregory patch [5]. These two patches, as we will see,
are very similar in many respects, and deserve a thorough comparison.

In Section 2 we review the basics of trans�nite surface interpolation, followed
by our formulation of the classical Gregory patch in Section 3. The derivation
of the GC patch is brie�y summarized in Section 4, and a contrastive analysis
of the two surfaces is given in Section 5, supported by both qualitative and
quantitative examples.

2 Preliminaries

Given a 2D domain polygon Γ with sides Γi (i = 1 . . . n), an n-sided surface
S(u, v) is de�ned by mapping the points of the domain (u, v) ∈ Γ into 3D. Each
side of the domain is mapped onto a 3D boundary curve. Assume that there
is a continuous local side parameterization function si : Γ → [0, 1], that maps
Γi onto the whole [0, 1] interval in an anti-clockwise fashion. Also, let us de-
note the prescribed boundary curves and normal vector functions by Pi(si(u, v))
and Ni(si(u, v)), respectively. For convenience, we will omit the real parame-
ters, leaving only the mapping function, e.g. Pi(si). We investigate two surface
schemes, one combining side interpolants, and the other corner interpolants.

A side interpolant Ii(si, di) is a biparametric surface corresponding to one
side of the domain polygon. Here di : Γ → R≥0 is the distance parameterization
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Fig. 2: Side and corner interpolants, and their mappings to the domain polygon.

function, signifying a kind of distance from the boundary, thus for points (u, v) ∈
Γi, we have di(u, v) = 0. Then the surface satis�es the given boundary constraints
along Γi, both positionally and tangentially:

Ii(si, 0) = Pi(si),
∂

∂si
Ii(si, 0)×

∂

∂di
Ii(si, 0) ‖ Ni(si), (1)

where partial derivatives are interpreted as directional derivatives along constant
parameter lines of the given mapping.

We can build an n-sided surface by blending these interpolants together:

Sside(u, v) :=

n∑
i=1

Ii(si, di)Bi(u, v) + C(u, v), (2)

where Bi(u, v) are side blending functions, and C(u, v) is a correction patch. The
side blending functions Bi(u, v) must satisfy the following properties: (i) eval-
uates to 1 along the i-th edge, (ii) gradually vanishes on the adjacent sides,
and (iii) gives 0 on all other sides. The correction patch is needed to ensure the
interpolation property (see Section 3).

A corner interpolant Ii,i−1(si, δi) is also a biparametric surface. Here the
mapping δi : Γ → [0, 1] is a di�erent type of distance parameterization�like di,
it vanishes on Γi, but it also satis�es δi(u, v) = 1− si−1 for points (u, v) ∈ Γi−1
(where si(u, v) = 0). This interpolant meets the given boundary constraints
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along sides Γi and Γi−1:

Ii,i−1(si, 0) = Pi(si), (3)

Ii,i−1(0, 1− si−1) = Pi−1(si−1), (4)

∂

∂si
Ii,i−1(si, 0)×

∂

∂δi
Ii,i−1(si, 0) ‖ Ni(si), (5)

∂

∂si
Ii,i−1(0, 1− si−1)×

∂

∂δi
Ii,i−1(0, 1− si−1) ‖ Ni−1(si−1). (6)

In this case the n-sided surface is a blended sum of corner interpolants:

Scorner(u, v) :=

n∑
i=0

Ii,i−1(si, δi)Bi,i−1(u, v), (7)

where Bi,i−1(u, v) are corner blending functions, that satisfy the following prop-
erties: (i) evaluates to 1 at the (i, i − 1) corner, (ii) gradually vanishes on the
adjacent sides, and (iii) gives 0 on all other sides.

Figure 2 illustrates the two types of interpolants and their mappings to the
domain. Formal de�nitions, with concrete details of parameterization, blending
functions, side and corner interpolants, and correction patches are presented in
Sections 3 and 4. The remainder of this section deals with some concepts common
to both representations.

(a) Normal fence and linear ribbons.

(b) Modifying boundary conditions using ribbon handlers.

Fig. 3: Linear ribbons.
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(u,v)

si

Fig. 4: Construction of the radial parameterization.

Throughout this paper we use regular polygons as domains. Irregular domains
can be useful when handling highly curved, complex surfaces, see [8].

We introduce the notion of the simple linear ribbon surface (see Figure 3a)
as follows:

Ri(si, di) := Pi(si) + diTi(si), (8)

where Ti(si) is a cross-derivative perpendicular to the normal fence Ni(si), de-
�ned by

Ti(si) := αi(si)Ni(si)× P ′i (si) + βi(si)P
′
i (si). (9)

Here αi(si) and βi(si) are scalar functions, representing the two degrees of free-
dom (the angle and length of the derivative in the tangent planes along the
boundary). These can be indirectly accessed by the designer using intuitive con-
trols called ribbon handlers. For example, in Figure 3b, the magnitude of the
ribbons is modi�ed to give a greater fullness to the patch interior.

3 Corner-Based Patch

The original Charrot�Gregory patch [2] was a �ve-sided patch, de�ned over
a regular �ve-sided polygonal domain. Its boundary conditions were given as
functions over this domain. It was later generalized for n-sided surfaces [5]; here
we will examine its variant, the CB patch, presented in [8,7]. Its main feature is
that the surface is de�ned by means of corner interpolants composed of simple
ribbons:

SCB(u, v) :=

n∑
i=1

Ii,i−1(si, 1− si−1)Bi,i−1(u, v). (10)

Comparing with Eq. 7, we can see that this scheme uses the side parameter of
the previous side for de�ning δi, so we do not need two coordinates for each side,
as only the side parameters si are su�cient.

These si(u, v) mapping functions are computed by intersecting the i-th do-
main edge with a line through the (u, v) point and the intersection of the adjacent
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edges. This is the radial parameterization, see Figure 4. The constant parameter
lines are depicted in Figure 6a.

Blending functions operate using a distance measure ∆i(u, v) that represents
a notion of distance from the i-th domain edge. For our purposes it is su�cient,
that it vanishes on the edge, and increases monotonically as we move away from
it. A practical choice is the Euclidean distance from the line of the i-th edge,
i.e., the perpendicular distance.

Let Di1...ik =
∏

j /∈{i1...ik}∆
2
j , then the corner blend is de�ned as

Bi,i−1(u, v) :=
Di,i−1∑
j Dj,j−1

(
=

1/(∆i∆i−1)
2∑

j 1/(∆j∆j−1)2

)
. (11)

See Figure 5a. Note, that the expression in the parentheses is a more e�cient
way to compute this function, but it is unstable near the boundaries.

(a) Corner blend. (b) Side blend.

Fig. 5: Blending functions.

In curve network-based design, the de�ning quantities�including the bound-
aries and the cross-derviatives�are associated with the edges of the related
patches. Thus it would be hard and somewhat arti�cial to directly de�ne ed-
itable corner interpolants. At the same time, since each corner interpolant is
supported by two boundary curves we can create these by combining two simple
ribbons and applying the Boolean sum technique. Adding two adjacent ribbons
would result in some excess term that must be compensated with a local correc-

tion patch Qi,i−1 (see the de�nition below).
Based on the linear ribbons, we can write the corner interpolant as

Ii,i−1(si, 1− si−1) := Ri−1(si−1, si) +Ri(si, 1− si−1)
− Qi,i−1(si, si−1). (12)

Note, that if we also consider Ii+1,i(si+1, 1 − si), there will be two di�erent
parameterizations of Ri, which we denote by R−i (si, 1− si−1), and R

+
i (si, si+1).
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The local correction patch guarantees that the interpolation properties are
the same as for the generating ribbons, i.e.,

Ii,i−1(si, 0) = Ri(si, 0), (13)

Ii,i−1(0, 1− si−1) = Ri−1(si−1, 0), (14)

∂

∂si−1
Ii,i−1(si, 0) =

∂

∂di
R−i (si, 0), (15)

∂

∂si
Ii,i−1(0, 1− si−1) =

∂

∂di−1
R+

i−1(si−1, 0). (16)

A simple computation leads to

Qi,i−1(si, si−1) := Pi(0)+siP
′
i (0)−(1−si−1)P ′i−1(1)+si(1−si−1)Wi,i−1, (17)

where Wi,i−1 is the common twist vector. If such a common twist does not
exist, Gregory's rational twists can be used instead [4]. The above equation also
assumes that

Ti−1(1) = P ′i (0) and Ti(0) = −P ′i−1(1) (18)

hold. This is easily enforced, but similar rational expressions can be applied here,
as well.

4 Generalized Coons Patch

The generalization follows the original idea of the Coons patch, i.e., computing
a surface by a Boolean sum of interpolants and a correction patch. This involves
�rst rearranging the terms of the Coons patch into the form

SCP(u, v) :=

4∑
i=1

Ri(si, di)α0(di)−
4∑

i=1

Qi,i−1(si, si−1)α0(si)α1(si−1), (19)

where α0(u) = 2u3− 3u2 +1 and α1(u) = −2u3 +3u2 are Hermite polynomials,
and the distance parameter is de�ned by di = 1 − si−1 = si+1. This can be
adapted for n-sided surfaces, resulting in the equation

SGC(u, v) :=

n∑
i=1

Ri(si, di) ·Bi(u, v)−
n∑

i=1

Qi,i−1(si, si−1) ·Bi,i−1(u, v). (20)

Comparing this to Eq. 2, we can see the substitutions

Ii(si, di) := Ri(si, di), C(u, v) :=

n∑
i=1

Qi,i−1(si, si−1) ·Bi,i−1(u, v). (21)

Here Bi(u, v) = Bi,i−1(u, v)+Bi+1,i(u, v), which satis�es the required properties,
see Figure 5b.
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(a) Radial parameterization based on
three sides (si−1: blue, si: green, si+1:
red).

(b) Interconnected parameterization
based on the bottom side.

(c) Interconnected parameterization:
constant s lines of the bottom side
(green), constant d lines of the adjacent
sides (di−1: blue, di+1: red).

Fig. 6: Parameterizations.

The last piece of the puzzle is the parameterization. We can compute si the
same way as before, but for di we have some restrictions. For a point on the i-th
side, the following requirements must be met:

di = 0, di−1 = si, di+1 = 1− si, (22)

∂di−1
∂u

=
∂si
∂u

,
∂di+1

∂u
= −∂si

∂u
,

∂di−1
∂v

=
∂si
∂v

,
∂di+1

∂v
= −∂si

∂v
. (23)
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A simple solution for these is the interconnected parameterization, which
combines the side parameters of adjacent sides to compute a distance parameter:

di(u, v) := (1− si−1(u, v)) ·B(si) + si+1(u, v) · (1−B(si)), (24)

where B(si) is a blending function, such as the rational blend

B(si) :=
(1− si)2

s2i + (1− si)2
.

This blending function has the same properties as that of the cubic Hermite
function, i.e., B(0) = 1, and B′(0) = 0. Figure 6b shows the constant parameter
lines of this mapping. The e�ect of the parameterization restrictions are clearly
visible in Figure 6c.

5 Comparison of CB and GC Patches

At �rst sight, the two patches in this paper do not show much similarity. Almost
all components�the interpolants, the blending functions, the parameterization�
are di�erent. Closer inspection, however, reveals that the two representations are
closely related. In Section 5.1 we examine their relationship from a purely alge-
braic point of view, then in the rest of the section a numerical analysis and two
test surfaces are presented.

5.1 Theoretical Di�erences

From the de�nitions of the CB patch and the corner interpolant, we have

SCB(u, v) =

n∑
i=1

Ii,i−1(si, 1− si−1)Bi,i−1(u, v)

=

n∑
i=1

[Ri−1(si−1, si) +Ri(si, 1− si−1)−Qi,i−1(si, si−1)]Bi,i−1(u, v)

=

n∑
i=1

Ri(si, 1− si−1)Bi,i−1(u, v) +Ri(si, si+1)Bi+1,i(u, v)

−
n∑

i=1

Qi,i−1(si, si−1)Bi,i−1(u, v). (25)

Comparing this with the de�nition of the GC patch

SGC(u, v) =

n∑
i=1

Ri(si, di) ·Bi(u, v)−
n∑

i=1

Qi,i−1(si, si−1) ·Bi,i−1(u, v)

=

n∑
i=1

Ri(si, di)Bi,i−1(u, v) +Ri(si, di)Bi+1,i(u, v)

−
n∑

i=1

Qi,i−1(si, si−1) ·Bi,i−1(u, v), (26)
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we can see that the only di�erence is that of parameterization. Let us examine
the di�ering parts, i.e., the blended contribution of the i-th ribbon:

RCB
i = Ri(si, 1− si−1)Bi,i−1(u, v) +Ri(si, si+1)Bi+1,i(u, v)

= Pi(si) [Bi,i−1(u, v) +Bi+1,i(u, v)]

+ [(1− si−1)Bi,i−1(u, v) + si+1Bi+1,i(u, v)]Ti(si) (27)

RGC
i = Ri(si, di)Bi,i−1(u, v) +Ri(si, di)Bi+1,i(u, v)

= Pi(si) [Bi,i−1(u, v) +Bi+1,i(u, v)]

+ [(1− si−1)B(si) + si+1(1−B(si))]

· [Bi,i−1(u, v) +Bi+1,i(u, v)] · Ti(si). (28)

The di�erence of the two formulas is RCB
i −RGC

i = ξi · Ti(si), where

ξi = (1−B(si)) · (1− si−1)Bi,i−1(u, v) +B(si) · si+1Bi+1,i(u, v)

− B(si) · (1− si−1)Bi+1,i(u, v)− (1−B(si)) · si+1Bi,i−1(u, v) (29)

= (si+1 − (1− si−1)) · [B(si)Bi+1,i(u, v)− (1−B(si))Bi,i−1(u, v)] . (30)

It is easy to see that ξi vanishes on Γi. This is to be expected, as both patches
interpolate the boundaries. See Section 5.2 for a numerical evaluation of this
measure.

Following the notations of Section 3, the CB patch has R−i and R+
i , two

di�erent interpolants, where the GC patch has Ri. This means that evaluating
a point of an n-sided surface requires 2n ribbon evaluations, instead of only
n, as in the case of the GC patch. On the other hand, the parameterization
function is simpler, since we do not need distance parameters. Computing the
(si, di) parameters of a domain point requires 3n mappings, considering that
each distance parameter is derived from two side parameters (although this can
be overcome by caching).

The implications of this di�erence go far beyond e�ciency concerns. Having
two parameterizations for the same interpolant means that in evaluating a point
on the surface, the contribution of a given ribbon comes from two di�erent points.
This is very counterintuitive, as the modi�cation of linear interpolants has only
an indirect e�ect on the �nal surface.

5.2 Examples

As we have seen above, CB and GC patches evaluate the linear ribbons with
di�erent parameterizations. But how di�erent are these? How much does it mat-
ter, if we compute Ri(si, di) instead of Ri(si, 1− si−1)? Figure 7 tries to answer
these questions. Placing side i at the bottom, the black and red lines show the
contours of |di − (1− si−1)|. Since these ribbons are then multiplied by the cor-
ner blend Bi,i−1(u, v) associated with the lower left corner of the images, it is
instructive to examine its contours (shown in blue), as well. We can see that
larger parametric deviations are virtually cancelled by the blend function, and
only the regions in pink may have a slightly detectable e�ect on the resulting
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surface. Comparing Figures 7a and 7b, we can see that the deviations grow with
the number of sides.

(a) Five-sided domain. (b) Eight-sided domain.

Fig. 7: Parametric deviations between CB and GC patches.

Numerical tests show, that ξi de�ned in Section 5.1 practically vanishes on
the whole domain. Indeed, the maximal value of

|B(si)Bi+1,i(u, v)− (1−B(si))Bi,i−1(u, v)| (31)

is numerically negligable. Modifying any of the variables �xed above, such as
using irregular domains, or de�ning B(si) := α0(si), employing di�erent param-
eterizations, results in more substantial divergences.

At the end of this section we show a six-sided patch using both represen-
tations, with the same boundary constraints, see Figure 8. The two curvature
maps are visually identical, though the extremely sensitive isophotes show some
tiny di�erences. There is a noticable di�erence in computation time between the
two surfaces, due to reasons mentioned in Section 5.1. In our prototype system,
evaluating one point of an n-sided surface took around n · 0.16ms for the CB
patch, and n · 0.12ms for the GC patch on a 2.8GHz machine, showing a 25%
speedup. Computation of the GC patch could be done even faster, if symmetries
of the regular polygon are taken into account.

Conclusion

Research on trans�nite surface interpolation has been recently revitalized thanks
to new approaches to 3D curve sketching. In this paper we have analyzed and
compared two new surface representations: the corner-based patch (a variant of
the Gregory patch), and the generalized Coons patch. We have shown that the
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Fig. 8: Visual comparison of CB and GC patches.

equations of the two representations are similar, except for their parameteriza-
tion. We have also pointed out, that the GC patch is more intuitive for curvenet-
based design and is computationally more e�cient. Visually�inspecting curva-
ture maps or isophotes�one can hardly �nd di�erences between the two formu-
lations.
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