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A B S T R A C T

Generalized Bézier patches with curved domains can represent complex, multi-sided
surfaces, but do not provide explicit control over the interior of the surface, as they are
defined by means of side-based ribbons. In this paper we extend this representation
by proposing a uniform, intuitive control structure, based on templates – a collection
of quadrilaterals that covers and affects the 3D shape. It is constructed based on a
variant of the Medial Axis Transform (MAT) that uses the local parameterization of the
domain. For a given patch a hierarchical sequence of 2D templates can be defined, each
determining the topology of the corresponding 3D control structure. First we introduce
templates, then present the way of associating biparametric Bernstein blend functions
with the control points. Next we describe how to position the control points of the MAT
skeleton and the remaining interior control points, while ribbons are preserved. Finally
we show a few examples that demonstrate the method and discuss the pros and cons of
the approach.

© 2024 Elsevier B.V. All rights reserved.

1. Introduction

A significant part of free-form shapes in Computer Aided Ge-
ometric Design is represented by control point based surfaces,
such as Bézier or B-spline patches, defined by quadrilateral
grids of control points. These surfaces are not always suitable to
represent shapes with general topology, and this has motivated
the development of multi-sided surfacing schemes supporting
more complex control structures. We refer to a recent survey
paper by the current authors [1], where the state of the art in
genuine multi-sided modeling is presented.

The majority of multi-sided patches is defined over a convex
polygonal domain, and the control points are generally arranged
into a rotationally symmetric spiderweb structure of quadrilat-
erals, see for example Zheng and Ball [2], Várady et al. [3]. In
the last few years it has been recognized that convex domains
may have shape limitations for certain shape configurations;
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this led to the Generalized Bézier and B-spline patches over
curved domains [4, 5]. Here the input is a set of ribbon sur-
faces that prescribe positional and cross-derivative constraints
along the boundaries, and their combination yields the multi-
sided patch. Ribbons are generally given as a grid of control
points in order to match adjacent patches; for the interior, how-
ever, no control points are available – in other words, curved
domain patches are fully determined by the ribbons. This may
be an advantage, as no further effort is needed to finalize the
patch, but it can be a disadvantage, when the patch interior is
not satisfactory.

In this paper we propose an intuitive control structure for
Curved Domain Generalized Bézier patches [4] (abbreviated as
CD-GB) that is – in some sense – analogous to spiderwebs, and
contains interior control points placed over the ‘underdefined’
parts of the patch. This structure corresponds to the layout of
the shape and thus supports intuitive editing. The representa-
tion can be refined, then it can be used for various high-level
operations, such as approximation of point clouds or trimmed
surfaces, manual design and interior fairing.

http://www.sciencedirect.com
http://www.elsevier.com/locate/cag
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(a) Patch over a convex domain
spiderweb, fair surface

(b) Patch with a large concave arc,
convex domain, spiderweb yields
awkward control structure, poor surface

(c) Same patch as (b), curved domain,
ribbons only, fair surface

(d) Same patch as (b), curved domain,
MAT-based control structure,
fair surface

Figure 1: Control structures for Generalized Bézier patches.

Our concept is visualized in Figure 1 (control point coloring
will be explained later). Fig. 1a shows a Generalized Bézier
patch with a convex domain and a full spiderweb control struc-
ture; it has a single central control point in the middle. Fig. 1b
shows a variant of the patch with a strong concave arc; here
the use of a convex domain and a single middle control point
is not sufficient as indicated by the backfolding surface and the
awkward control structure. Fig. 1c shows a variant of the pre-
vious patch using the CD-GB representation [4], combining six
input ribbons into a much nicer shape. In Fig. 1d, finally our
proposed curved domain GB patch is presented that uses an in-
terconnected control structure, with four interior control points
distributed in a natural manner.

The main contributions of the paper are the following. We
introduce a parametric MAT structure that is built on the pa-
rameterization of a curved domain. By means of this MAT,
we derive a topological structure of quadrilaterals over the do-
main, and generate a sequence of 2D templates. Each template
corresponds to a 3D structure of control points that can incor-
porate boundary ribbons, while also providing an additional set
of interior control points. Templates constrain the longitudinal
degrees of the boundaries, thus input ribbons may need to be
elevated or reduced to meet these constraints. For each interior
control point we assign a blend function composed of Bernstein
polynomials, and use these to redistribute the weight deficiency
generated by the ribbon blending functions. We propose meth-
ods to position the interior control points in 3D, and investigate
the editing and refinement of the template structures.

The paper is structured as follows. After reviewing related
work (Section 2), we revisit the equation for CD-GB patches
and show how it needs to be modified (Section 3). In Section 4
we discuss parametric MAT structures and template topologies.
In Sections 5 and 6 we present the blending functions and the
placement of the interior control points, respectively. We show
a few examples and discuss special cases in Section 7. Some
interesting open issues conclude the paper.

2. Related work

In this section we focus exclusively on multi-sided surfaces
that are defined by control points. For a detailed survey of vari-
ous representations see [1]. Basically, there are three groups of
approaches – side-based schemes arrange control point struc-
tures along their boundaries (see e.g. Fig. 1c), corner-based

schemes place control points around the corners, while in in-
terconnected patches the control points cover and influence the
shape over the entire domain (see e.g. Fig. 1a or 1d).

Interconnected patches are generally defined over convex
polygonal domains. There exist a variety of interconnected
topological structures [6], including Minkowski sums [7], lat-
tice polygons [8], triangular spiderwebs [9] and rectangular
spider-webs [10, 2, 3, 11, 12]. Rectangular spiderwebs of-
fer a particularly natural generalization of standard tensor-
product surfaces, which can easily incorporate Bézier ribbon
constraints. Interconnected constructions are generally limited
to regular or convex polygonal domains and centrally symmet-
ric control structures. Our approach is inspired by the General-
ized Bézier (GB) patches introduced by Várady et al. [3] using
a rectangular spiderweb control structure over regular polygo-
nal domains. Follow-up works have generalized GB patches to
concave polygons (CGB patches) [13] and even curved domains
(CD-GB patches) [4]. The CD-GB scheme is fundamentally
side-based (see Section 3 for details) and thus lacks a natural
method for controlling the patch interior – our goal is to add an
interconnected control structure that is appropriate for curved
domains, as well.

There exist a variety of approaches for constructing blend-
ing functions within a general domain interior, related to
‘mesh-free’ approximation of scattered data [14], as well as
(bi)harmonic transfinite interpolation [15, 16]. However, we
are not aware of any work that integrated these kinds of interior
degrees of freedom into a coherent generalized Bézier control
structure.

For multi-sided patches the blending functions often do not
form a partition of unity – this is generally handled via nor-
malization [8, 9, 17] or by assigning the weight deficiency to a
single control point [18, 3]. Zheng and Ball [2] have proposed
to distribute the weight deficiency of their particular construc-
tion between interior vertices in a rectangular spiderweb control
structure, and later also derived degree elevation rules based on
this approach [19]. Similar ideas have been applied to con-
vex GB patches as well [17]. Salvi [20] introduced a ‘hybrid’
patch, where a subset of the blending functions of a convex GB
patch [3] is used for transfinite interpolation and the remaining
control points distribute the weight deficiency over the interior.
It is also possible to use the weight deficiency (or any func-
tion that vanishes along the domain boundary) to blend an in-
terior surface while retaining boundary interpolation, which is
a common practice in geometric modeling [21, 22], as well as
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in numerical analysis [23]. Our approach distributes the weight
deficiency among elements of a control structure naturally as-
sociated with a curved parametric domain.

The original Generalized Bézier construction [3] included a
simple degree elevation rule that provided an initial setting for
the interior control points based on input ribbons, and also al-
lowed for hierarchical editing. We will present a method for the
refinement of curved domain patches that operates in an analo-
gous fashion.

An important part of our method is a decomposition of the
domain into quadrilateral regions, which is an active area of
research – see Campen [24]. We aim to create a simple, easily
refinable quadrangulation that is compatible with Bézier bound-
aries of different degrees. State-of-the-art optimization-based
quadrangulation methods [25, 26] can produce high-quality lay-
outs suitable for e.g. subdivision surfaces [27], but typically
have a topological structure that makes it challenging to asso-
ciate bi-parametric blend functions with the vertices. Quadrilat-
eral decompositions of planar domains were also studied in re-
lation to multi-patch parameterizations for isogeometric analy-
sis, see e.g. Buchegger and Jüttler [28] where a layout topology
is selected based on the parametric distortion of an optimized
template mapping.

Another family of methods finds solutions with a fixed num-
ber of quads along each side via an integer programming prob-
lem, as surveyed in the recent work of Tarini [29] – however,
such approaches appear to be limited to (domains subdivided
into) convex polygons. A wide range of quadrangulation meth-
ods are based on the Medial Axis Transform (MAT) of the do-
main, e.g. [30, 31, 32, 33]. Our own approach for template
generation shows many similarities with such MAT-based tech-
niques; an important difference is that instead of the usual Eu-
clidean MAT, we use a medial axis based on local distance pa-
rameters that we believe to be novel.

3. Revisiting and extending CD-GB patches

A CD-GB patch [4] is a multi-sided surface that interpolates
boundary curves and cross-derivative functions along them.
The boundaries and the associated constraints are given in the
form of Bézier ribbons: quadrilateral Bézier patches of (in-
dependently) arbitrary degrees, one for each boundary (i =
1 . . . n):

Ri(s, h) =
di∑
j=0

ei∑
k=0

Ci
j,k · B

di
j (s)Bei

k (h). (1)

Here di and ei are the degrees along the boundary and in the
cross-direction, respectively; Ci

j,k is the j-th control point in the
k-th row, and Bd

j (t) is the j-th Bernstein polynomial of degree
d. Note that except for the corner positions, the ribbons do not
have to be compatible.

The patch itself is the normalized sum of n interpolant sur-
faces. The equation for these is very similar to that of the rib-
bons, but the cross-directional degree is d⊥i > 2ei, and a weight-
ing function (µi

j) is employed to cancel the interpolant’s contri-

Figure 2: Local parameterization relative to the top side: s- and h-parameter
isolines are shown in red and blue, respectively. The surface generated by this
domain will be shown later in Section 7.

bution to the adjacent boundaries (see details below):

Ii(si, hi) =
di∑
j=0

ei∑
k=0

Ci
j,k · µ

i
j(u, v)Bdi

j (si)B
d⊥i
k (hi)︸                     ︷︷                     ︸

denoted by γi jk(u,v)

=:
di∑
j=0

ei∑
k=0

Ci
j,kγi jk(u, v). (2)

Adding these together requires a mapping to/from a common
domain. The CD-GB patch uses a domain that is bounded by
curves in the (u, v) plane and mimics the 3D boundary con-
figuration. The local parameter mappings si = si(u, v) and
hi = hi(u, v) are called the side and distance parameters. The
former varies linearly between 0 and 1 along the associated base
side of the domain, while the latter vanishes on that side and in-
creases as we move inside the domain, reaching 1 at the ‘far
sides’, i.e., sides not adjacent to the base side (all except i − 1, i
and i + 1), see Fig. 2.

For details on domain generation and parameterization, see
the original paper [4]. As for the weights, a simple option is to
use rational functions (similar to Gregory twists [34])

µi
j(u, v) =


hℓi−1/

(
hℓi−1 + hℓi

)
when j < ℓ,

hℓi+1/
(
hℓi+1 + hℓi

)
when j > di − ℓ,

1 otherwise,

(3)

where ℓ is the order of interpolation: this term cancels the con-
tribution of up to ℓ−1 derivatives on the adjacent sides, ensuring
that the resulting patch only depends on ribbon i when evaluated
at a domain point on side i. Alternative schemes with similar
properties are described in Várady et al. [4].

The patch itself is then written as

S(u, v) =
1

Γ(u, v)
·

n∑
i=1

Ii(si, hi), (4)

where

Γ(u, v) =
n∑

i=1

di∑
j=0

ei∑
k=0

γi jk(u, v). (5)

Normalization is needed to ensure the affine invariance prop-
erty, as generally Γ(u, v) , 1 in the interior of the domain. In
our work we use the weight deficiency (1 − Γ(u, v)) to add inte-
rior controls to the surface, as follows.
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(a) hi isolines (in the range [0.1, 0.4])

(b) Parametric medial axis (MA)

(c) Tiling by si-lines dropped from MAT vertices

Figure 3: Steps of the quadrangulation.

Assuming that we have interior control points CInt
l , l =

1 . . . L, and associated interior blending functions ωl(u, v), we
can modify Eq. (4):

S(u, v) =
n∑

i=1

Ii(si, hi)+

(1 − Γ(u, v)) ·
1

Ω(u, v)

L∑
l=1

CInt
l ωl(u, v), (6)

where dividing by Ω(u, v) =
∑L

l=1 ωl(u, v) normalizes the inte-
rior blending functions to sum to unity. In other words, we dis-
tribute the weight deficiency of the original patch (1 − Γ(u, v))
between the interior control points CInt

l , and the relative magni-
tudes of the ωl blends define the proportion of their individual
share.

In the following sections we will discuss how the interior
control points are defined and what sort of blending functions
are assigned to them.

4. MAT-based template structures

In this section we describe how the topological structure of
the control net is created. We assume that the input ribbons are

given and a curved domain has already been computed, together
with a parameterization (si, hi) for each side of the domain. De-
tails of these steps can be found in the CD-GB paper [4].

4.1. Template hierarchy
We generate a type of MAT (Medial Axis Transform) graph

in the domain, with the crucial difference compared to the tra-
ditional MAT [35] that instead of the Euclidean distance mea-
sure, we consider parametric distances given by the hi coordi-
nates. (Note that we use the term ‘MAT’ for the medial axis
even without the associated distances, following common prac-
tice.) The parametric MAT is a tessellation of the domain sim-
ilar to a Voronoi diagram, where each edge represents the locus
of points that are at an equal distance (in parametric sense) from
two boundaries, and each vertex represents points where the
parametric distances from three or more boundaries are equal
(i.e., where three or more edges intersect). The interior vertices
of the parametric MAT graph are referred to as the skeleton.
Figure 3a shows the hi isolines, and Figure 3b shows the medial
axis structure.

The parametric MAT suggests a natural quadrilateral decom-
position of the domain by connecting the skeleton vertices with
boundary footpoints – a straightforward way to do so is to trace
isolines of the si coordinates from a given vertex, but note that
the geometry of the domain decomposition is not relevant for
what follows. Quadrilateral cells will be created at the corners,
along with pairs of quadrilaterals that topologically connect two
segments of opposing boundaries, sharing a skeleton edge, see
our example in Figure 3c. This topological structure is also
called the T2 template, consisting of a perimeter loop of bound-
ary curves and the skeleton in the middle. In general, TD de-
notes a structure of depth D, indicating how many layers of
vertices are produced. As it will be explained shortly, the depth
equals the cross-directional degree of the blending functions.

The T2 topology (see Figure 4a) can be refined using a topo-
logical subdivision rule inspired by Bézier degree elevation:
new vertices are created for each quadrilateral cell, as well as
each boundary edge, and the newly introduced vertices – to-
gether with the corner vertices – are connected based on the
topological dual of the previous structure. This subdivision
is for now purely topological – explicit subdivision rules ap-
plied to corresponding control points will be introduced in Sec-
tion 6.1.

The first subdivision yields the T3 structure (D = 3), having
two layers of edges, with a sequence of polygons appearing in
the place of the skeleton. For each polygonal face of T3 the
number of sides is equal to the valence of the corresponding
skeleton vertex, see our example in Figure 4b. We can iterate
the refinement process, yielding T4 (D = 4), which has two lay-
ers of vertices, with skeleton points reappearing as the centroids
of the T3 polygons (Figure 4c). In Figure 4d we also show the
T5 structure.

This refinement procedure defines a sequence of templates
of depth D with ⌊D/2⌋ layers, i.e., there are ⌊D/2⌋ quads on
both sides of the medial structure, which itself is represented
by a polyline connecting the skeleton vertices, when D is even,
and with a sequence of multi-sided polygons (the duals of the
skeleton vertices), when D is odd.
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(a) T2 (b) T3 (c) T4 (d) T5

Figure 4: Illustration of the topology in a template sequence with the medial structure in yellow.

We would like to emphasize that this sequence of templates
can be constructed directly from a curved domain and its local
parameterization, and furthermore that only the topology of the
domain templates will be relevant for our purposes.

4.2. Relating templates to CD-GB patches

In this section we explain how the correspondence between a
template topology and a Generalized Bézier control structure is
established. Let us assume that the template vertices represent
the control points of some multi-sided surface capable of repro-
ducing Bézier boundaries (the blending functions will be spec-
ified later). If a side of the template boundary contains three
vertices, the template can represent a quadratic Bézier curve
along that side; if there are four vertices (i.e., two footpoints
and two corners) the template boundary can represent a cubic
curve and so on. In general the representable degree is equal to
the number of footpoints plus one.

This means that the quadrangulation of the template imposes
constraints on the degrees of the 3D boundaries. For example in
Figure 4a, T2 can represent a patch with degrees 2,3,3,4,2,3,2,5
(counting counter-clockwise, starting from the cyan edge). T3
has degrees 3,4,4,5,3,4,3,6 and so on, see Figure 4b. We call
these the target degrees (dT D) of depth D, or just dT when the
depth is not specified.

The input ribbons have pre-defined input degrees (dI) in their
longitudinal direction. In order to incorporate the ribbons into
a template structure with a given depth, the input and target
degrees must be synchronized, which means the ribbons either
need to be degree-elevated or – if approximation is acceptable
– degree-reduced.

If we want to ensure accurate boundary reproduction, we use
a template with sufficient depth so that only degree elevations
are necessary. The maximum of (dI

i−dT2
i ) determines how many

times the T2 template need to be refined for this to be the case.
We show a simple example on Figure 5 where the maximum
difference between the input degrees (Figure 5a) and the T2 tar-
get degrees (Figure 5b) is 2; consequently a T4 template (Fig-
ure 5c) will be sufficient to reproduce the input ribbons.

After we have matched the input and target degrees, the depth
of the template is determined, together with the topology of the
interior control structure. Our next task is to associate blend
functions, as well as initial 3D positions to the control points.

(a) Input ribbons (b) T2 template

(c) Final T4 patch

Figure 5: Synchronizing the target and the input degrees.

5. Template blending functions

In this section we describe how to assign blending functions
to interior control points (CPs) of the template-based structure.
We first present a color-coded arrangement of CPs that helps
explaining how blending functions are constructed. Note that
the control structures of convex GB patches [3] and the pro-
posed MAT-based GB patches are fairly similar. As shown in
Figure 6, both are represented by a layer-based structure, the
main difference being whether a single central CP or a set of
skeleton CPs is given in the middle. (Another difference is the
possibility of incompatible corners in CD-GB patches, although
convex GB patches can also handle these thanks to the rational
weights (Eq. 3) – see Hettinga and Kosinka [11].)

In our example there are four layers. The two outermost lay-
ers are determined by the input ribbons (as we deal here with
G1 boundaries). The first layer defines the boundary curves
(green and red), the second the cross-derivative functions (cyan
and red). The remaining CPs are called interior CPs, where
we distinguish between the innermost skeleton CPs (blue) and
the remaining, intermediate ones (yellow and orange), lying
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(a) Convex GB patch

(b) Template-based CD-GB patch

Figure 6: Control point layer structures. Note that the CD-GB patch can have
‘incompatible’ corner derivatives, resulting in duplicated CPs (red).

between the ribbon CPs and the skeleton. The intermedi-
ate/interior control points CInt

l can also be designated by Ci
j,k,

similarly the exterior CPs, where i denotes the side the CP is
associated with, j ∈ {0, . . . , dT

i } is the longitudinal index, and
k ∈ {0, . . . , ⌊D/2⌋ − 1} is the layer index.

While some control points have only one associated (i, j, k)
triple (yellow in Fig. 6b), others have several: ‘corner’ CPs have
two associated sides (orange in Fig. 6b), and skeleton CPs (blue
in Fig. 6b) have three or more. Note that for a given CP the
layer index (k) is the same in all index triples. Let us denote the
related index set with Vl = {(i, j, k) |Ci

j,k = CInt
l }; this motivates

the following definition for the blending functions in Eq. 6:

ωl(u, v) =
1
|Vl|

∑
(i, j,k)∈Vl

B j(si) · Bk(hi). (7)

In Figures 7–8 we demonstrate the concept of distributing
weight deficiency by means of a test surface with three skeleton
CPs (Fig. 8). Observe that the weight deficiency function de-
termined by the ribbons is equal to the sum of the three interior
blend functions, visualized as level surfaces over the domain
(Fig. 7). The isocurves of the function assigned to the middle
skeleton CP have also been mapped onto the surface in Fig. 8,
illustrating the effect of the blending function on the surface
shape.

6. Positioning template control points in 3D

While the representation itself allows arbitrary placement of
the interior control points, it is useful to have an automated pro-
cess to set them, based on solely the boundary constraints. Sec-

tion 6.1 presents an approach similar to the one in the original
GB paper [3]. We also describe some useful editing methods in
Section 6.2 for simultaneous repositioning of the interior con-
trol points.

6.1. Initial setting by progressive depth elevation
In this section we describe a method for setting (initial) 3D

positions for the control points of each template. While CPs
in the outermost layers are essentially fixed by G1 interpolation
constraints, CPs in the interior are initially underdetermined.
Taking inspiration from the degree elevation procedure of GB
patches [3], we position them by progressive refinement of the
interconnected control structure. Note that the proposed degree
elevation procedure does not preserve the surface shape, and its
purpose is to set the template CPs to an initial position.

As a first step, we initialize the template of depth 3 by degree
elevating/reducing the input Bézier ribbons to the target longi-
tudinal degrees d3

i , and cross-degree D = 3 (in this section we
use the simplified notation dD := dT D for the target degrees).

We continue by elevating the depth, first from 3 to 4, then
from 4 to 5 and so on. In what follows, we describe the general
procedure for elevating the depth from D to D + 1. The proce-
dure is illustrated for the case of going from a template of even
depth to a template of odd depth on Figure 9b, and for the case
of going from odd to even on Figure 9c.

The two outermost layers of CPs (shown in red and green)
are always set from the input ribbons by elevating them to target
degrees dD+1

i = dD
i + 1 and cross-degree D + 1, so only interior

control points CInt,D+1
l (shown in yellow and blue) are left to

be determined. Recall that the usual degree elevation rule for
Bézier surfaces defines a new CP within each quad face of the
control structure – we generalize this approach from the tensor-
product setting to general MAT-based structures.

A crucial observation is that similarly to the blends/control
points of the previous section, each face of the depth D template
(or, equivalently, each vertex of the depth D + 1 template) can
be associated with multiple boundaries with associated face in-
dices Fl = {(i, j, k) |Ci.D+1

j,k = CInt,D+1
l } and target degrees dD

i +1.
For each associated face index, we define new vertices using
the usual Bézier degree elevation rules raising the longitudinal
degree to dD

i + 1 and the cross-degree to D + 1:

Ci,D+1
j,k =

j
dD

i + 1
k

D + 1
Ci,D

j−1,k−1+(
1 −

j
dD

i + 1

)
k

D + 1
Ci,D

j,k−1+

j
dD

i + 1

(
1 −

k
D + 1

)
Ci,D

j−1,k+(
1 −

j
dD

i + 1

) (
1 −

k
D + 1

)
Ci,D

j,k . (8)

Within ‘corner’ quads corresponding to two sides with in-
dices (i1, j1, k1) and (i2, j2, k2) and target degrees dD

i1
, dD

i2
, de-

gree elevation might result in two different control point posi-
tions, so a simple averaging is applied:

CInt,D+1
l =

1
2

(
Ci1,D+1

j1,k1
+ Ci2,D+1

j2,k2

)
. (9)
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Figure 7: Illustration of distributing weight deficiency.

Figure 8: Interior blend function mapped onto a surface.

When elevating from odd to even, the innermost faces of the
odd template (i.e., those associated with skeleton vertices) can
have more than four sides, so simple Bézier elevation rules can-
not be applied to them. One possibility – following the example
of GB patches [3] – is to simply fix the position of these con-
trol points for all templates. This is however not recommended,
because depth elevations might cause the intermediate CPs to
eventually ‘fold over’ the fixed skeleton. Another alternative is
taking the centroid Ĉl of the polygon, but it leads to rapid flat-
tening of the patch interior as depth is increased. We found that
better results are achieved by averaging the polygon centroid
with the corresponding CP from the previous (even) template:

CInt,D+1
l =

1
2

(
CInt,D−1

l + Ĉl

)
, (10)

which is the scheme used to generate the examples shown in the
paper.

6.2. Editing

In our experience, even with the proposed initial CP distri-
bution, the surface interior can become flat as refinement pro-
gresses, which we attribute to the relatively low value of the
interior blend functions. While direct optimization of surface
fairness would be challenging due to the non-explicit local pa-
rameters, it is also the case that the shape can often be improved
by careful manual positioning of the interior control points. We
discuss three different approaches to manual editing.

First, the control points could be edited individually. For
complex templates, however, the number of interior CPs can
grow rapidly with depth and individual editing eventually be-
comes impractical.

Another possibility is hierarchical editing, i.e., modifying
the CPs of a coarser template and thus editing entire groups of
CPs at the same time through refinement, similarly to subdivi-
sion surfaces [36]. An example of hierarchical editing is shown
in Figure 10.

In our experience working with different refinement levels
can be difficult, and it is preferable to simultaneously move
groups of control points within a single level of hierarchy. As
already mentioned, for GB patches it was possible to use the
same ‘central’ CP for all depths and use it to edit the entire con-
trol structure for any given depth, but this is no longer possible
for more general templates. To reproduce the desired behavior,
we implemented a design interface similar to the proportional
editing found in Blender [37].

The idea is to propagate the displacement of each CP to
its neighbors, gradually decreasing the displacement magni-
tude depending on the discrete distance from the displaced CP.
The decrease of the magnitude is controlled by a displacement
falloff function, which we choose to determine by minimizing
a discrete harmonic energy over the control mesh (but alterna-
tive fallout functions could also be employed, depending on the
designer’s preferences). More formally, when a selected CP is
displaced by a vector d, the displacements over the rest of the
template are defined as Cafter

i = Cbefore
i + fid, where the falloff

factors fi satisfy a discrete Laplace equation

Lf = 0 (11)

under the constraint that the factor of the selected CP is fixed to
the value 1, while those outside of a (user-defined) range of in-
fluence around the selected CP are fixed to 0. For the matrix L
we choose a uniform (graph) Laplacian, following Worchel and
Alexa [38, Ch. 3.3]. The falloff functions can simply be pre-
computed and cached when the template is initialized. An ex-
ample of proportional editing for a template of depth 6 is shown
on Figure 11.

7. Discussion

In this Section we show further examples of editing and dis-
cuss some possible variations of the proposed concept.

7.1. Weight deficiency

Weight deficiency (WD) is defined over the curved domain.
It is a peculiar function that characterizes to what extent the
patch interior is determined by the ribbons. At places where
WD is ‘small’, the ribbons are ‘strong’ and consequently the in-
terior CPs can modify the patch interior only to a ‘small’ extent.
At other places, where WD is ‘large’, the ribbons are ‘weak’
and they underdetermine the shape, thus a large WD can be dis-
tributed and the interior CPs will strongly affect the patch. Note
that by varying the local parameterization of the domain it is
possible to change the WD function, and indirectly the strength
of the interior CPs.
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(a) Depth-4 template (b) Even→ odd (4→ 5) (c) Odd→ even (5→ 6)

Figure 9: Illustration of template depth elevation. Gray colors indicate the previous template.

(a) Before editing (b) After editing

Figure 10: Example of hierarchical editing via a previous template (in grey) – surrounding yellow CPs are lifted. Surface slicing is shown.

(a) Before editing (b) After editing

Figure 11: Example of proportional editing of a template – surrounding blue and yellow CPs are dragged along. Surface slicing is shown.

(a) CD-GB patch (b) Curved domain (c) With interior controls (d) Depth elevation and modification

Figure 12: Setback vertex blend example. Colors indicate mean curvature.
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(a) Initial model (b) After modification (skeleton CPs lifted) (c) Isophote lines

Figure 13: Car body panel example.

(a) Default CD-GB patch

(b) Default MAT-GB patch

Figure 14: Comparison of default patches. Colors indicate mean curvature.

7.2. Editing examples

A setback vertex blend model with a branching skeleton
structure is shown in Figure 12. The original CD-GB patch
has a flat ‘plateau’ in the interior, indicated by the green re-
gion of the mean curvature map (Fig. 12a). The quartic tem-
plate (Fig. 12b) adds several interior control points, creating a
nice curvature to the middle of the patch (Fig. 12c). With a
refinement to a sextic template and manual modification of the
interior, new shape features can also be introduced (Fig. 12d).

A similar situation arises for the car body panel model
(Fig. 13; the corresponding domain is shown in Fig. 3): the right
side is initially somewhat flat (Fig. 13a), but after slight modi-
fication of the interior (blue) control points, the mean curvature
distribution (Fig. 13b) and the isophote distribution (Fig. 13c)
can both be improved.

To compare the ‘default’ surfaces generated by the original
CD-GB scheme and the proposed MAT-based representation
we show a panel of an iron model on Figure 14.

7.3. MAT editing operations
Our approach automatically generates a control net topology,

but the user may not be satisfied with its resolution, and might
prefer to add further degrees of freedom, or conversely, may
prefer to simplify the structure. We have implemented the fol-
lowing topological operations:

• Simplify. Deletes a central edge from the MAT.

• Refine. Splits a corner or a central edge.

Figure 15 shows a sequence of these two operations, where first
a very short edge is removed (thereby removing redundant con-
trols) and then a long edge is refined (adding further degrees of
freedom). These operations can be applied either manually (as
was done to produce some of the examples in the paper), or as
part of an automatic procedure.

7.4. Low-degree approximative variant
Depending on the application, it may not be essential to

exactly interpolate the original Bézier boundaries and cross-
derivatives. When for the template of a given depth dT

i < dI
i

holds, the original boundary constraints can be approximated
using dT

i + 1 control points in the longitudinal direction. Note
that lower polynomial degrees are generally favorable as sur-
face quality is better controlled and the patch is easier to mod-
ify.

7.5. Mixed-degree variant
Twist-compatible cross-derivative constraints at corners be-

tween boundaries of different degrees result in duplicated con-
trol points, as in Figure 12c above. Such duplication can be
avoided by using mixed-degree blending functions combining
the degrees of the adjacent sides:

γ̂i jk(u, v) =

µi
j(u, v) · Bdi

j (si)
(
(1 − α j)B

di−1
k (hi) + α jB

di+1
k (hi)

)
, (12)

where α j ( j = 0, . . . , di) are (constant) weights satisfying

α j = 0, j < 2,
α j = 1, j > di − 2, (13)

with intervening values determined (e.g.) by linear interpola-
tion. When using these mixed-degree blends, the control points
in the second row need to be appropriately re-positioned to re-
tain cross-derivative interpolation.
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(a) Original MAT tiles (b) MAT simplification (edge removal) (c) MAT refinement (edge splitting)

Figure 15: Examples of MAT editing operations.

Conclusion and future work

We have extended the Curved Domain Generalized Bézier
(CD-GB) representation with additional interior controls,
whose topological structure is automatically determined based
on the boundary configuration. We described a scheme for
distributing the weight deficiency generated by ribbon inter-
polants. We have also proposed algorithms for the initial po-
sitioning of the new control points, as well as their modifica-
tion. The additional degrees of freedom are often indispensable
for achieving good shape quality or adding interior detail, espe-
cially in cases where the number of sides is fairly large and/or
interior control with a single central control point is simply not
sufficient.

The method as described satisfies G1 boundary constraints;
generalizing it to higher-order continuity should be straight-
forward (although we note that for many practical applica-
tions approximate G2 continuity is often considered sufficient,
sometimes even preferable over exact curvature continuity, see
e.g. [39]). Support for ‘smooth’ corners (where two adjacent
boundaries share the same tangent) would be another important
step, as highly curved boundaries are hard to model with single
polynomial segments, and this would also lead naturally to a
generalization to B-spline boundaries. We believe that the para-
metric MAT that we introduce could be useful for a variety of
practical applications; for example, as an alternative approach
for the initial setting of cross-derivatives in [39]. Finally, the
proposed scheme for distributing a weight function among con-
trol points is fairly general and could also be applied to other
(e.g. transfinite) multi-sided surfaces as well.
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