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About Fairing
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Fairing in General

Digital Shape Reconstruction

@ Geometric models from
measured point data

o No digital representation

o Widely used (esp. in the
automobile industry,
medical sciences)

@ Our primary interest:

o Mechanical engineering

o Boundary representation

o Freeform curves and
surfaces (NURBS)
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About Fairing
oe

Fairing in General

The Problem of Fairing

Aesthetic curves and surfaces
Important for design
No unambiguous definition

Even curvature distribution

®© 6 6 o ¢

Large, monotone curvature
areas

° Retain geometric -Featu res Image from www.woodenboatstore.com

Definition by Farin

A curve is fair if its curvature plot is continuous and consists of
only a few monotone pieces.
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About Fairing
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Interrogation Tools

Curvature Maps

Curvature combs (for curves)
Gauss map
Mean map

Principal curvature maps

Shows abrupt curvature
changes
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About Fairing
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Interrogation Tools

Reflection Lines

o Reflections of
structured light
beams

o Very intuitive

@ Shows second degree
errors

N\

@ Several variants

e Isophotes
o Highlight band
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Fairing Fairing Algorithms
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Previous Work

Fairness Measures

@ Variational vs. post-processing algorithms

@ Smoothness measure minimization

Curve Measures Surface Measures

@ Strain energy @ Thin plate energy
[ K(t)?dt [ [ K2+ K3dS

@ Simplified strain energy @ Membrane energy
[c"(t)*dt [ [S2+S2dudv

° Min/imazl variation @ Minimal va2riation )
J R (e ar S1(%2) +(52) as
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Fairing Algorithms
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Previous Work

Knot Removal and Reinsertion (Farin / Sapidis)

Widely used for curve fairing

Simple and efficient

Remove an “offending knot”, then reinsert

Knot removal leads to an overdefined equation system

Most local vs. minimal deviation solution

Heuristics to avoid local minima

e Taboo search
e Simulated annealing

@ Extension to surface fairing is problematic
@ Less local (Hahmann: three rows rule)

@ Good results are guaranteed only in one parametric direction
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Fairing Algorithms
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Previous Work

Fairing by Target Curvature (Salvi)

@ Define an ideal curvature comb (target curvature)

e Average consecutive curvature values of the original
o Fit a curve on the curvature plot of the original

Search for a curve that ...

e has a similar curvature plot
o deviates minimally from the original

Iterative solution vs. discrete integration
Deviation control by convex hull
Parameterization-independent

Fitting step harms locality
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Fairing Algorithms
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A New Method Based on Curvature Approximation

Curvature Approximation (Greiner)

Surface curvature is computationally complex

Idea: decrease complexity by precomputing values

Reference surface R, that resembles to the real surface S
(needed because we don’t have S when precomputing)

Steps (with complexity depending on the control points of S):

@ Calculate some geometric invariants of R (pre-computation)

@ Calculate the first and second derivatives of S (linear)

© Create a Hessian matrix from these values (linear)

@ Get the Gaussian / mean curvature from the Hessian
(quadratic)

e Claim: these curvatures will approximate the curvatures of S
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Fairing Algorithms
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A New Method Based on Curvature Approximation

Combination with Target Curvatures

@ Idea: use this approximation to find a surface with a given
target curvature

@ Problem: we need a linear expression (so it is easy to optimize)
@ The trace of the Hessian seems to be a good choice
o Fairing steps:

@ Sample the surface at several points

© Compute the Hessian trace at these points

© Create a target trace by averaging or fitting

@ Precalculate the invariants needed for approximation

© Minimize the Hessian traces’ deviation from the target trace

@ Alternative: use the Hessian itself instead of the trace
(results in a much larger equation system)
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Fairing Algorithms
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A New Method Based on Curvature Approximation

Car Body Panel (Before)
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Fairing Algorithms
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A New Method Based on Curvature Approximation

Car Body Panel (After)
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t Fairing F Algorithms Continuity Constraints
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G Continuity

Geometric Continuity

e Geometric instead of parametric continuity
@ Goal: numerical continuity at the boundaries

e Boundary continuity defined by the 3 outermost control rows

Frames of a quadrilateral surface

© Positional frame
Controlling C° continuity

@ Tangential frame
Controlling G continuity

© Curvature frame
Controlling G2 continuity
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Continuity Constraints
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G Continuity

Twist Incompatibility

@ Asssume we have an algorithm that enforces G” continuity
by moving only the control points of the n'" frame

e Conflicting constraints at the corners
e Workaround:

© Enforce G” continuity on all sides —

we get two positions for each twist control point
@ Compute a medial point of each point pair
© Fix the twist control points at these halving points
© Enforce G" continuity again, with the twists fixed
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Continuity Constraints
ooe

G Continuity

Enforcing G' Continuity

e Master surface M and slave surface S, joined at u = 0 with C°
S(u,v) = 30 X Pyl P ()N (v)
o Enforcement steps.

@ Sample points along the v boundary (v)
© Minimize tangent deviation by moving the control points of S

e We move only control points of the tangential frame:
& = e+ AP (u) ST N (vi)w;

@ Movement only in the surface normal dlrection:
& = e — ny(exny)

@ Overdefined linear equation system, solvable by LSQ
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Continuity Constraints

@00
G2 Continuity

Previous Work

Linkage Curve Theorem (Pegna and Wolter)

Two surfaces tangent along a Cl-smooth linkage curve are
curvature continuous if and only if at every point of the linkage
curve, their normal curvature agrees for an arbitrary direction other
than the tangent to the linkage curve.

o Necessary and sufficient condition for G2 continuity
o For 3'%-degree NURB surfaces with C° continuity at the
boundary:

o The linkage curve is a C?-smooth B-Spline curve
o We can choose the other parametric direction as the direction
for matching normal curvatures
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Continuity Constraints
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G2 Continuity

Enforcing G2 Continuity

o If at every v, sampled point the normal curvature in the u
direction agrees, we have (numerical) G2 continuity
(Linkage Curve Theorem)

@ Directly optimizing for surface curvature is complex
@ Trick: use surfaces curves Cy(u) = S(u, vk)

C// ,
@ It can be shown that (G o)) _ s

ICiwo)|[*

© Sample points along the boundary
@ For each vy, compute k)
(M'’s normal curvature in the u direction)

© Minimize the normal curvature deviation
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Continuity Constraints

ooe
G2 Continuity

Two Solutions

These conditions are still vague

The resulting control points can be
almost anywhere

New constraint: minimal deviation
from the original

@ Alternative: only move in an
outward direction

@ Both can be solved in a least
squared sense
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Fairing Multiple Surfaces
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Four-sided Corner Patches

Hierarchical Fairing

o Complex model with dependencies
@ Fairing in hierarchical order:

© Primary surfaces
© Edge blends

(two connecting surfaces)
© Corner patches

(n connecting surfaces)

o Edge blend fairing is just a special
case of corner patch fairing

o Idea: combine continuity
enforcement with surface fairing
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Fairing Multiple Surfaces
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Four-sided Corner Patches

Our General Scheme

@ For simplicity, assume that we have a four-sided corner patch
(other cases will be dealt with later)

Insert knots into the surface, if it has too few control points
Fair the surface, retaining C°

Fix the positional frame and enforce G!

Fix the twists and repeat G! enforcement

Fair the surface, retaining G*

Fix the tangential frame and enforce G2

Fix the twists and repeat G2 enforcement

©000000O0CO0

Fair the surface, retaining G2
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ng Multiple Surfaces

Other Cases

Central Split

e Corner patch with n connecting surfaces (usually 3 or 5)
@ We assume it is divided by the central split scheme:
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Fairing Multiple Surfaces

oe
Other Cases

Extension of the Algorithm

@ Continuity constraints also between subdividing curves
@ The aforementioned methods cannot do global fairing, so:

@ Discretize the corner patch
@ Fair the resulting mesh
© Refit the surfaces

e Modified algorithm:

© Global fairing of the corner patch

@ Enforce G! everywhere

© Local fairing of quadrilaterals, retaining G*
@ Enforce G? everywhere

© Local fairing of quadrilaterals, retaining G2
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X-node (Before)

P. Salvi, T. Varady Lorand Edtvés Science University / Geomagic Inc.

Constrained Fairing of Freeform Surfaces



ng  Fairing Algorithms  Cont ty Constraints  Fairing tiple Surfaces  Examples  Conclusion

X-node (After)
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Examples

other X-node (Before)
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Examples

other X-node (After)
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Five-sided Patch (Before)
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Examples

Five-sided Patch (After)
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Conclusion

Conclusion & Future Work

@ Conclusion:

o New fairing algorithm based on curvature approximation
o New post-processing approach to fair connected surfaces
o Nice results for relatively complex models

o Future work:

o Better twist handling
o Improving the discrete fairing step
e Or: replacing it with some other fairing technique
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Conclusion

Any Questions?

Thank you for your attention.
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